ABSTRACT This note presents a distributed formation tracking scheme for multiple nonholonomic unicycle robots with any smooth reference trajectory, either feasible or non-feasible. The formation tracking problem is solved via a local tracking control law and a distributed virtual reference trajectory, converting the cooperative formation problem into a local tracking case. Several state transformations, dynamic oscillator approach, graph theory, and Lyapunov's method are combined to design formation tracking control law. We prove that the closed-loop formation tracking errors are globally uniformly ultimately convergent to an arbitrarily small neighborhood of the origin. This convergence does not depend on any persistent excitation (PE) condition of the reference trajectory. The simulation results validate the proposed formation tracking design.
I. INTRODUCTION
The research on the formation control of multiple unicycle robots is instructive for many potential applications such as smart security, intelligent logistics, and autonomous transportation because many underactuated systems, for example, two-wheeled vehicle, can be converted into the form of a unicycle robot [17] .
A typical unicycle robot is an underactuated dynamic system with non-integrable velocity constraint due to the inability of lateral motion [11] , [13] . We clarify two noteworthy facts about the unicycle robot. One is that the unicycle robot obstructs the well-known Brockett's condition for the existence of time-invariant smooth asymptotical stabilizer [1] , and therefore, we must employ either discontinuous controller [2] or smooth time-varying controller [7] , [19] to achieve pose (position+orientation) stabilization. The other is that the linearized model of a unicycle robot is controllable along some special trimming reference trajectories (e.g., a straight line or a circle) even though its model is uncontrollable via approximate linearization about a constant state, and the associated tracking problems can be solved by many classical linear techniques [20] , [21] . For these The associate editor coordinating the review of this manuscript and approving it for publication was Min Wang. two facts, researchers generally address the stabilization and tracking problems of unicycle robot separately. Hence, it is applicable to divide the formation control problems of multiple unicycle robots into two subcategories, namely, formation tracking [8] , [9] , [14] , [16] , [21] , [24] , [25] and formation stabilization [7] , [18] , [23] .
In [8] and [9] , the authors achieve the formation tracking of multiple wheeled mobile robots by extending the results of the nonholonomic chained system. In [16] , the combination of a discontinuous observer and a finite-time tracking control law has achieved finite-time formation tracking. Note that, the average position of all considered agents can track the reference position by controllers proposed in [8] , [9] and [16] . The dynamic linearization approach used in [14] converts the addressed model into a form of linear double integrators under the assumption that the translational reference velocity keeps being non-zero, and hence, the linear cooperative strategy can be applied. In [21] , the formation control design extends the tracking control law developed for single-agent and achieves formation tracking via steering one robot to follow one another. Given a non-zero reference translational or angular velocity, a promising formation scheme shown in [24] is constructed based on Matrosov's stability theory. A modified version of [24] with a milder PE condition can be found in [25] , in which the reference velocity can VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ be vanishing. For the achievements of formation tracking, a sufficient condition found in these literature is the PE condition about reference velocity, which means that these results cannot be directly adapted to solve the formation stabilization problems of multiple unicycle robots. An early time-varying control design reported in [7] can achieve stabilizations of multiple wheeled mobile robots, however, the steady states of the robots are unknown. In [23] , a point in front of unicycle robot center, termed as 'hand position', is selected as coordinate position. This method features its superiority in obtaining a feedback linearizable form of the system kinematics, and a rendezvous scheme steering multiple robots towards the average value of initial position is obtained in [23] .
A robust discontinuous rendezvous solution with the help of 'hand position' approach can be found in [18] . However, this kind of feedback linearization approach does not control the orientation directly, and the orientation motion acts as the zero-dynamic state that needs extra concise analysis. Recently, some new results are proposed to solve tracking and stabilization problems of unicycle robot simultaneously [3] , [4] , [11] , [17] , [19] . In [19] , the authors fuse a time-varying converging variable with orientation control input, steering a wheeled mobile robot to track many feasible reference trajectories asymptotically. The formation tracking control laws proposed in [4] and [11] can practically stabilize any smooth reference trajectory, either feasible or non-feasible. Both these two papers, with the dynamic oscillator approach used in [4] and transverse function approach used in [11] , introduce an additional control input via auxiliary states, overcoming the underactuated problem of the addressed robot. Note that the transverse function is firstly proposed in [3] and it provides an essential clarification as for the existence of specific dynamic oscillator [20] . In [4] , the authors convert the model of a wheeled mobile robot into a form of nonholonomic integrators and present a tracking control law for a single robot. The scheme proposed in [11] achieves practical formation tracking with any smooth reference trajectory and avoids possible collisions among robots during the formation, yet it is not distributed and the reference trajectory has to be explicitly known to every robot. Although the literature [17] has invoked transverse function approach during its control design, the obtained formation control law only achieves practical tracking of a feasible reference trajectory.
The above concerns motivate us to find a distributed solution towards the formation tracking problem of multiple unicycle robots with any smooth reference trajectory. The main results of this note include three parts. First, we design a local tracking control law capable of practically stabilizing any smooth reference signal via novel convertible state transformations and dynamic oscillator approach. Second, we modify a consensus tracking protocol developed for linear double integrators [15] into the distributed virtual reference trajectory with the help of neighboring interaction and partial access to the real reference trajectory. Third, the synthesis of local tracking control law and the distributed virtual reference trajectory leads to the formation tracking scheme, by which, the formation tracking errors are globally uniformly ultimately bounded and their ultimate bounds can be arbitrarily small, i.e., the practical formation tracking is achieved.
The main contribution of this note lies in proposing a distributed formation tracking scheme for multiple unicycle robots, steering them to maintain a fixed pattern while tracking any smooth reference trajectory. The cooperative formation tracking design is distributed in the sense that only a subset of robots or at least one robot can know the reference trajectory and the cooperation process only depends on neighboring interactions. Meanwhile, we build the formation tracking scheme upon a very mild condition that the reference trajectory has bounded derivatives, and it can be either feasible or non-feasible and can be either moving or just standing still. The convergence of formation tracking errors does not depend on any PE condition about the reference trajectory. Furthermore, no zero-dynamic state associated with orientation has to be analyzed independently because the orientation is directly controlled by the control law proposed in this note.
The remaining work is organized as follow. Section 2 includes some useful preliminaries and problem formulation. Section 3 presents the control synthesis including a local tracking control law and a distributed virtual reference trajectory as well as the obtained formation control scheme. The simulation results are included in Section 4. Section 5 concludes the work briefly.
II. PRELIMINARIES AND PROBLEM FORMULATION

A. NOTATIONS AND DEFINITIONS
In this paper, · denotes Euclidean norm, the superscript 'T' denotes transpose, 'diag{[·]}' denotes a diagonal matrix, λ max (·) and λ min (·) denote the maximum and minimum real eigenvalues of the matrix respectively, I n is a n−dimensional identity matrix, 1 n ∈ R n×1 denotes an identity vector.
Definition 1:
is said to belong to class κ if it is strictly increasing and α(0) = 0.
Definition 2:
continuous in t and locally Lipschitz in x is called
• globally exponentially stable if there is a constant γ > 0 so that the state trajectories starting from any initial state
• globally uniformly ultimately bounded if, given arbitrarily large a, there exists a positive constant δ, independent of t 0 > 0, there is T = T (a, δ) ≥ 0, independent of t 0 , such that
with δ being the ultimate bound.
• globally practically stabilized if the system is globally uniformly ultimately bounded and its ultimate bound δ can be arbitrarily small.
B. GRAPH THEORY
Suppose that there are n unicycle robots indexed by i ∈ N = {1, 2, . . . , n}. The interactions among them can be described by a graph G= {N , E, A} [6] , where N is the node set, E ⊆ N × N is the edge set and A is the adjacent matrix. Each node of the graph represents one unicycle robot, and an edge {(i, j) : i = j} ∈ E denotes that the communication from node j to node i is active, which means that the node j can transmit its states to node i. The adjacent matrix is defined by A = a ij ∈ R n×n , where a ij = 1 if (i, j) ∈ E, otherwise a ij = 0. Self connection is avoided by setting a ii = 0, ∀i ∈ N . Note that a ij = 1 ⇔ a ji = 1 holds for undirected graph, which denotes that the node i and node j can receive information from each other. A path of graph G is an edge sequence {(i, j 1 ), (j 2 , j 3 ), . . . , (j * , j)} that demonstrates the connection of node i and node j. The graph G is called connected if there is a path between any two distinct nodes. The in-degree matrix associated with G is given by
and the Laplacian matrix is then given by
As reported in [15] , the matrix L is semi-positive definite and it has only one zero eigenvalue and n − 1 positive eigenvalues provided that G is undirected and connected. Assumption 1: The communication graph G among n nonholonomic unicycle robots is undirected and connected.
C. PROBLEM FORMULATION
Consider a group of unicycle robots described by [11] , [13] 
where (x i , y i ) is the position in Cartesian coordinates, θ i denotes orientation, u i is translational velocity, r i is angular velocity, m i is the mass, I i denotes rotation inertia, the viewed control inputs F i and τ i represent resultant force and rotation torque respectively. The considered unicycle model (4) is nonholonomic because of the non-integrable constrainṫ
The time-parameterized reference trajectory is componentwisely denoted as p 0 (t) = [x 0 (t), y 0 (t), θ 0 (t)] T and it satisfies the assumption below. Assumption 3: At least one robot knows reference trajectory p 0 and velocityṗ 0 , while the reference accelerationp 0 is unavailable to all robots.
In this paper, we are interested in steering n unicycle robots in the form of (4) to achieve a fixed geometric pattern.
Define the desired pose displacement by
where d i,x and d i,y are constants. Suppose that the model coefficients m i and I i are known, the control objective is then stated as: Given Assumptions 1-3, find a control law (F i , τ i ) so that the formation tracking error p i − p 0 − i , ∀i ∈ N is practically stabilized, that is, there exist a time instant T > 0 and an arbitrarily small constant δ such that
Remark 1: A reference trajectory is called feasible for a unicycle robot if it belongs to the solution set of motion equations (4), otherwise non-feasible. An example of non-feasible reference trajectory isẋ 0 
The only assumption we placed on the reference trajectory p 0 is that it has bounded derivatives up to the second-order, and, it does not have to meet any PE condition and can be either feasible or non-feasible. Hence, the assumption about the reference trajectory in this note is milder than those of [8] , [9] , [14] , [16] , [17] , [19] , [21] , [24] , [25] .
Remark 3: The control objective (7) is reasonable even though the formation tracking error is not guaranteed to converge asymptotically. This is because the asymptotical tracking of non-feasible reference trajectory is impossible for nonholonomic systems [5] . The best result of tracking a non-feasible reference can be obtained is the practical stabilization of tracking error.
III. CONTROLLER SYNTHESIS
In this section, we formulate the control design by three steps. First, given any smooth reference trajectory p id with bounded derivatives, we find a local tracking control law (F i , τ i ) ensuring that the tracking error p i − p id is globally uniformly ultimately bounded and its ultimate bound can be arbitrarily small. Second, we design a suitable virtual reference trajectory p id so that lim
Third, we combine the local tracking controller and the virtual reference trajectory, and obtain the formation tracking scheme.
A. LOCAL TRACKING CONTROLLER
We here propose a tracking control law for a single robot in the form of (4) 
with time-derivative given by
where
Let us design the following dynamic oscillator
where w i ∈ R is the introduced control input, ε > 0 denotes an arbitrarily small positive constant and the initial value φ i (0) can be set arbitrarily. Define errors by
One can directly verify that the tracking error 
To facilitate control laws for true input (F i , τ i ), define filtered errors by
Suppose that w i is differentiable, the time-derivative of (15) is
Via some direct calculations, the derivative of collection
) can be obtained as follow.
By the expression of (18), we design (w i , τ i , F i ) by
To verify the effectiveness of control law (19) , the following theorem is given. Theorem 1: Given the control law (19) , the error system (18) is globally exponentially stable. In particular, the pose tracking error p i − p id is globally uniformly ultimately bounded and there exist a κ−class function of ε given by δ 1 (ε) and a time instant 1 , z i,2 , z i,3 , s i,1 , s i,2 ] T and choose a Lyapunov function by
Proof: Substituting the control law (19) into (18), the closed-loop dynamics becomes
The derivative of V i along the solution trajectory of (21) iṡ
By comparison principle [12] , we integrate both sides of (24) and obtain V i (t) ≤ V i (0)e −2k i t , which, together with the fact
Hence, by Definition 2, the error system (18) under control of (19) is globally exponentially stable and
Observing (12), one has
By the facts that |ζ i,1 | ≤ √ ε and ζ i,1 ζ i,2 ≤ 0.5(ζ 2 i,1 + ζ 2 i,2 ) = 0.5ε, the inequality (27) satisfies
Because z i converges to zero globally exponentially, the error e i is therefore globally uniformly bounded and there exist a time instant T 1 > 0 and a constant β 1 > 1 so that [12] 
By the fact p − p id = e i , the claim in the theorem follows. Additionally, we have f i,3 ∈ L ∞ because e i,2 ∈ L ∞ , which, together with the fact w i ∈ L ∞ , shows thatζ i,1 ,ζ i,2 ∈ L ∞ . Therefore,ẇ i ,ė i,2 , u i and r i are bounded, resulting witḣ
All these bounded variables demonstrate that the real controls F i and τ i are bounded. By Theorem 1, the pose tracking error p i − p id is globally uniformly ultimately convergent to an arbitrarily small neighborhood of the origin due to ε can be selected arbitrarily small. Regarding the control objective, the remaining work is to design a virtual reference trajectory p id so that lim 
B. VIRTUAL REFERENCE TRAJECTORY
By Assumptions 2-3, define a i0 = 1 if the i-th robot knows p 0 andṗ 0 , otherwise a i0 = 0. For convenience, define
The virtual reference trajectory denotes the interactions between connected unicycle robots, see an illustration in the figure below. Let us design virtual reference trajectory by
and the control gains are
The virtual reference trajectory (31) is a modified version of linear consensus tracking protocol derived from [15] . In [15] , the consensus tracking problem of multiple linear double integrators is studied, and the reported tracking protocol is discontinuous due to the utilization of 'sign' function. We amend its discontinuity and present a continuous one as well as a new proof. To verify the effectiveness of (31), the lemma below is needed. 
Theorem 2: Given any twice differentiable reference trajectory p 0 ∈ R 3 , the virtual reference trajectory (31) with Assumptions 1-3 and gain selections (33), ensures thatṗ id ∈ L ∞ ,p id ∈ L ∞ , and
Proof: Define a matrix H ∈ R n×n by
It has already been shown in [15] that the matrix H is positive definite under Assumption 1 and Assumption 3. Define virtual formation error ξ i ∈ R 3 by
For proof purpose, let an associated vector s i ∈ R 3 be
where g 1 > 0. The convergence of s i actually demonstrates the claim (35). Define some vectors belonging to R 3n×1 by
where '⊗' denotes Kronecker product and the matrix G ∈ R 3n×3n is given by
By the fact that H is positive definite, we choose the following Lyapunov candidate
It can be verified that
which then leads to
Byċ = (H ⊗ I 3 )ṡ, the time-derivative of W is given bẏ
Observing the inequality (44) and the gain selections g 3,x ≥ σ x0 , g 3,y ≥ σ y0 , g 3,θ ≥ σ θ 0 as well as Lemma 1, the derivativeẆ satisfieṡ
where q := 2g 2 λ min (H), σ 0 := γ n(σ x0 + σ y0 + σ θ0 ). By comparison principle [12] , integrating both sides of (46) results
For W 1 (t), it satisfies
For W 2 (t), by the fact that te −at ≤ 1 ae , ∀t ≥ 0 with a = 0.5λ, it satisfies
Hence, both W 1 and W 2 converge to zero exponentially, which shows that c converges to zero exponentially. By c = (H⊗I 3 ) s, s and s i , ∀i ∈ N converge to zero exponentially. The exponential convergence of s i demonstrates that ξ i converges to zero exponentially due toξ i = −g 1 ξ i + s i [12] . Therefore,
As a result,ṗ id =v id = [ẋ id ,ẏ id ,θ id ] T and c i are bounded becauseṗ 0 and G i c i are bounded, which, together with the form ofv id in (31), leads to thatp
The virtual reference trajectory (31) is distributed in the sense that it does not require all robots to know the reference trajectory precisely, which might be more reliable than the schemes reported in [11] , [21] , [22] .
Remark 5: The first-order virtual reference trajectory utilized in [22] , [26] , [27] is inapplicable for our addressed dynamic model (4) because of the ambiguity during calculating the virtual reference acceleration. A second-order virtual reference trajectory is therefore applied in this note.
C. THE SYNTHESIS OF LOCAL TRACKING CONTROLLER AND VIRTUAL REFERENCE TRAJECTORY
Theorem 3: Given any twice differentiable reference trajectory p 0 ∈ R 3 , the application of local tracking control law (19) to the multi-agent system (4) with virtual reference trajectory (31), ensures that the formation tracking error p i − p 0 − i , ∀i ∈ N is globally practically stabilized, e.g., there exist a time instant T 2 > 0 and an arbitrarily small constant δ so that
Proof: The norm of formation tracking error p i −p 0 − i satisfies
By the results of Theorems 1-2 and equation (29), there exist a time instant T 2 ≥ T 1 and a constant β 2 > 1 so that [12] 
(53) Since ε can be set arbitrarily small, the ultimate bound of formation tracking error p i − p 0 − i can be therefore arbitrarily small. The Theorem 3 demonstrates that our formation tracking scheme is composed of the local tracking control law (19) and the distributed virtual reference trajectory (31). The overall formation tracking scheme is distributed yet with the capability to drive multiple unicycle robots forming a formation pattern while tracking with any smooth reference trajectory.
Remark 6: One may find out that the obtained virtual reference trajectory (31) is generally non-feasible for the unicycle model (4) no matter the reference trajectory p 0 is either feasible or non-feasible. The proposed local tracking control law (19) views the virtual reference position and orientation as triple independent states and the control objective can be therefore achieved despite what type the virtual reference trajectory belongs to. The convergence of formation tracking errors does not depend on any PE condition of the reference trajectory.
Remark 7: Some similar results capable of realizing formation tracking with any smooth reference trajectory can also be found in [4] and [11] . However, the literature [4] only presents a single tracking control law without solving the formation problem. In [11] , the obtained formation tracking control law requires all robots to know the reference trajectory, and hence, it is not distributed. 
IV. NUMERICAL SIMULATION
In this section, five simulation cases are included to validate the proposed formation tracking design. Suppose that there are four unicycle robots, the reference position and velocity are only available to the robot indexed by 1. The interaction graph is shown below.
The matrix H associated with above interaction graph is given by
To form a square shape, the desired relative pose displacements are chosen as follow
For convenience, we set m i = 1kg,
For all simulation cases, the states are initialized identically as follow
The control gains are: The simulation results of Cases 1-5 are shown in Figures 3-7 , respectively. Two subfigures are included for each simulation case. In subfigure (a), the geometric position paths of all unicycle robots are depicted. In subfigure (b), we show the norm of η i and the part pointed by an arrow denotes η i in its steady state. Via observing subfigure (a) of all considered cases, we find out that the desired square formation shape is formed after a short transient period. The subfigure (b) shows that the formation tracking error p i −p 0 − i converges to a small neighborhood of the origin, which is tunable, estimable and can be set arbitrarily small. It can also be seen from subfigure (b) that the convergence of the formation tracking errors does not rely on the PE condition of the reference trajectory. These simulation results demonstrate that the proposed controller is effective and allows for practical formation tracking with any smooth reference trajectory, either feasible or non-feasible.
V. CONCLUSION
This note presents a promising distributed formation tracking scheme for a group of unicycle robots with any smooth reference trajectory. The control design is the fusion of a local tracking controller able to practically stabilize any smooth reference trajectory and a distributed virtual reference trajectory modified from the linear consensus tracking protocol. We prove that the formation tracking error is stabilized practically, and its ultimate bound can be arbitrarily small. In the future, we will take account more realistic problems such as model uncertainties and external disturbances.
